We show that the lightcone transverse-momentum-dependent parton distribution functions (TMDPDFs), important for describing high-energy scattering processes such as Drell-Yan and semiinclusive deep-inelastic scattering with observed small transverse momentum, can be obtained from Euclidean lattice QCD calculations in the framework of large-momentum effective theory (LaMET). We present a LaMET factorization of the Euclidean quasi distributions in terms of the physical TMDPDFs at leading order in (1/P z ) 2 expansion, with the matching coefficient solved from a renormalization group equation. We demonstrate implementation strategies on lattice with finitelength gauge links and nonperturbative renormalization. The rapidity evolution for quasi-TMDPDF and the rapidity regularization independent factorization scheme are also discussed.
Introduction.-High-energy hadron processes involving measuring particles with small transverse momentum (k ⊥ ∼ Λ QCD ) has been of great interest for particle and nuclear physicists for many years [1, 2] . On the one hand, many productions, such as Higgs boson production at Large Hadron Collider, peak at relatively small transverse momentum and cannot be explained completely with the standard parton distribution functions (PDFs) and perturbative quantum chromodynamics (QCD). On the other hand, quarks and gluons confined in a hadron such as the proton do carry physical transverse momenta which warrant new nonperturbative observables to describe. The transverse-momentum-dependent parton distribution functions (TMDPDFs) are the simplest extension of the standard textbook PDFs and have inspired a large body of theoretical work [1] [2] [3] [4] [5] [6] [7] . However, because TMDPDFs involves the lightcone correlations of fundamental fields, there has been little attempt to compute them from lattice QCD (see [8] and references therein for exception).
The recent development of large-momentum effective theory (LaMET) proposed by one of the authors [9, 10] has opened up a possibility of directly calculating TMD-PDFs on lattice. The essence of LaMET is very simple: while Euclidean lattice does not support modes travelling along the lightcone at operators level, it does support on-shell fast moving hadrons which allow extraction of collinear physics large-momentum factorization. However, early attempts on formulating a LaMET calculation on TMDPDFs have not met with complete success because of the presence of the soft modes [11] [12] [13] [14] . The so-called soft function appearing in various high-energy processes summarizes the soft gluon radiation effects of fast moving charged particle. It involves two opposite lightcone directions and presents a crucial difficulty to implement on lattice. However, the recent progress by the present authors has showed that it can be calculated as the large-velocity-transfer form factor of a fixed- * yizhuang.liu@sjtu.edu.cn separation color-anticolor source pair [15] . Thus the final obstacle to formulate a LaMET calculation for TMD-PDFs has been removed.
In this paper, we present the essential ingredients for a lattice calculation of TMDPDFs. We start by defining the TMDPDFs using lightcone correlations in dimensional regularization for ultraviolet (UV) divergences and modified minimal-subtraction (MS) scheme, just as in the standard PDF case. We then explore Euclidean lattice distributions, quasi-TMDPDFs, which capture the same nonperturbative physics in the large-momentum (P z ) limit. We organize a LaMET factorization which relates Euclidean quasi-TMDPDFs to Minkowski TMDPDFs at large but finite P z , valid to all orders in QCD perturbation theory. We discuss subtleties related to the lattice implementation of the quasi-TMDPDFs: finite-length gauge links, self-energy subtraction, and UV renormalization. The universality feature of LaMET indicates that there are infinite many possible quasi-TMDPDFs which all produce the same result in the large-momentum limit.
Factorization of quasi-TMDPDFs .-Defining a proper TMDPDF that becomes a common standard for both phenomenological data fitting and easy perturbative QCD calculations turns out be more challenging than for the standard PDFs [16] . The lightcone divergences from soft-gluon contributions cannot be simply regulated in dimensional regularization: an extra rapidity regulator has to be introduced. Many proposals have been made in the literature which result in different ways to isolate the soft physics (see [14] for a nice summary). A physics-motivated definition by Collins [6, 7, 14] , called physical TMDPDF, turns out to be independent of this extra complication. This definition involves a combination of the naïve or unsubtracted lightcone parton density f (x, τ, b ⊥ , µ) with "one-half" of the soft contribution S(τ, τ ′ , b ⊥ , µ) subtracted,
where x is the longitudinal momentum fraction of partons; b ⊥ is the transverse separation conjugate to trans-verse momentum k ⊥ ; τ and τ ′ are generic rapidity regulators which in the end give rise to ζ dependence in the ratio. In this work we consider the quark-TMDPDF in the non-singlet channels with unpolarized hadron. It is straightforward to generalize the discussions to other channel including spin dependence and gluons. The unsubtracted numerator is defined as:
where |P S is the hadron state labeled by momentum P and spin S; the "gauge-invariant" quark field is Ψ n (ξ) = U n (±∞, ξ)ψ(ξ) with the quark color indices are implicit; ψ is the quark field in lightcone coordinate (ξ − , ξ + , ⊥); n µ is the lightlike vector in the minus light-
is a gauge link along n direction pointing to positive or negative infinity; τ is a generic rapidity regulator which only acting on gauge links. The sign choice in the gauge link U is process dependent: For the Drell-Yan process one should choose negative sign while for the semi-inclusive deep inelastic scattering (SIDIS) one should choose positive sign [16, 17] . For unpolarized TMDPDF the two choices are equivalent. The lightcone soft function is defined by two conjugate lightlike Wilson lines,
with n ′ = 1 √ 2 (ê t +ê z ) is in the plus lightcone direction. Again ± corresponds to the process dependency mentioned before.
To calculate TMDPDFs in Euclidean space, one must define Euclidean correlators corresponding to both unsubtracted TMDPDF f and the soft function S. The quasi distribution for the unsubtracted parton density is straightforward, one can define [9] [10] [11] [12] [13] [14] f
in the coordinate (t, z, ⊥) and U n z is a gauge link extended to infinity along z-direction, which naturally corresponds to the choice for the Drell-Yan process; Γ can be chosen as γ z , γ t , or any combination of the two. It is understood that the self-interactions of gauge links are subtracted in order to remove the pinch-pole singularity [15, 18] , which will be discussed in more detail later. According to the recent work [15] , the soft function with off-lightcone regulator [1, 4, 6, 17] can be obtained as the form factor of a heavy quark-antiquark system:
where v and v ′ are four-velocities slightly off lightcone,
With the elements above, we define the quasi-TMDPDF as
To ensure a perturbative matching of this to the TMD-PDF, the rapidity scale ρ of the soft function can be fixed to ρ = ζ z /ζ which compensates the rapidity gap between the unsubtracted quasi-TMDPDF at ζ z and the TMD-PDF at ζ. Alternatively, one can write S as:
where D(b ⊥ , µ) is the Colins-Soper evolution kernel, which can be extracted from the P z evolution [13] .
is rapidity-independent and can be extracted from a light-meson form factor and quasi-TMD wave function [15] . The above discussion allows the calculation of S at any ρ and then evolve to the desired ρ = ζ z /ζ. With the definitions above, the quasi-TMDPDF admits the following LaMET factorization at large P z
where C can be calculated perturbatively, and M is the hadron mass. The justification for the large P z factorization of the quasi distribution is as follows. At large P z and small transverse momentum k ⊥ , all the hard modes are confined to two hard-cores in the vicinity of the two vertices at 0 and (0, z, b ⊥ ). Therefore, the hard modes cannot change the momentum fraction of f . Only collinear modes will be able to change the momentum fractions x, thus the momentum fraction defined by k z /P z is equivalent to the momentum fraction k + /P + . As a consequence, f is equivalent to the unsubtracted TMD-PDF f defined in off-lightcone regularization scheme using nearly-lightlike spacelike vectors, with substitution ζ → ζ z due to boost invariance. Then the factorization theorem in the off-lightcone scheme [1, 4] applies and indicates that the combination f f / S contains all the nonperturbative information for the Drell-Yan cross section. Comparing with the factorization using TMDPDF, we find that f / S and f / √ S contain the same nonperturbative contribution up to rapidity evolution. This leads to Eq. (8) with the explicit choice for ρ served as compensating any rapidity mismatch between f TMD and f TMD .
Matching kernel and its evolution.-The perturbative structure of the matching coefficient can be derived straightforwardly. It is known that f satisfies a simple renormalization group equation [4] ,
where γ F is the anomalous dimension of quark field in axial gauge, or the anomalous dimension for the heavylight quark current [19] . For the soft function we have:
where Γ cusp is the universal lightlike cusp anomalous dimension while Γ I denote the constant term for the cusp anomalous dimension at large rapidity. On the other hand, for TMDPDF, one has [14, 20] ,
where γ H is the hard anomalous dimension. Collecting all of the results above, the matching kernel C(ζ z /µ 2 ) satisfies the following renormalization group equation:
where γ C = 2γ F − Γ I + 2γ H . The general solution to the renormalization group equation reads
This equation allows the determination of the logarithmic structure for C to all orders in perturbation theory, up to unknown constants related to the initial condition C(α s , 1). The Γ cusp , γ F , γ H all have been calculated to three-loops [20] [21] [22] , while Γ I have been worked out to two-loop level [22] . At one-loop level, the unsubtracted quasi-TMDPDF and lightcone TMDPDF can be found in Refs. [12, 14] and Refs. [14] ; the soft function is [4, 14] S
Thus the one-loop matching coefficient reads
where c 1 = CF 2π (−2 + π 2 12 ) is determined by perturbation theory at one-loop level. We also anticipate that the twoloop matching kernel is of the form ln C (2) 
is a constant to be determined in perturbation theory at two-loop level.
Self-interaction subtraction and renormalization.-To implement a calculation of the quasi distribution on lattice, a few new elements are needed.
First, the Euclidean unsubtracted quasi-TMD f (x, ζ z , b ⊥ , µ) shall now be calculated with a finite length L of the staple shaped gauge link and closed with a transverse gauge link with width b ⊥ . In large L limit, there are pinch-pole singularities which is responsible for the heavy-quark potential term e −LV (b ⊥ ) . The gauge link self-energy contains linear divergence which can be renormalized multiplicatively shown in Ref. [23, 24] . Furthermore, there are additional cusp divergences at junctions of the z-direction and transverse gauge links. These extra complications can be eliminated by performing a subtraction using Z(2L, b ⊥ ) defined by a square root of the vacuum expectation of a spacial rectangular Wilson loop with length 2L and width b ⊥ . The same subtraction applies to the soft function as well. The naïve soft function in the off-lightcone scheme, defined similar to Eq. (3), also contains two staples along v and v ′ directions. Each of the staple also contributes to additional cusp divergences and a divergent time evolution factor associated to the heavy quark-antiquark state. As a result, two rectangular Wilson loops along these directions are required to remove those singularities. After the subtraction, the soft function is equal to the form factor in Eq. (5) . See our recent work [15] for more detail.
Second, the lattice version for f contains UV divergences associated to two quark-link vertices and needs renormalization. To match to the MS scheme in continuum theory, one should adopt regularization independent renormalization scheme similar to those proposed in Refs. [25] [26] [27] . A possible candidate for the renormalization factor is the nonlocal operator with small b R separation in transverse direction sandwiched between off-shell amputated quark with large Euclidean momentum:
where a is lattice spacing. The transverse separation b R , which has to be perturbatively small, also introduces extra linear divergence from gauge link self-energy. We can modify the procedure to subtract self-interaction by using Z(2L, b ⊥ − b R ) to compensate the extra contribution. Finally, R can be used to renormalize the correlator of f in position space. The resulting renormalized correlator has a well-defined continuum limit (a → 0) and can be matched to distributions in MS scheme. The matching kernel in this nonperturbative scheme will be given in future work.
Discussion and conclusion.-Another important topic that need to be emphasized is the rapidity evolution of the quasi-TMDPDF and the TMDPDF. In the lightcone regularization scheme, the introduction of the lightlike gauge links results in the rapidity divergences which must be regularized. The regularization effectively introduces rapidity cutoff for small k + or large k − modes, and the cutoff dependencies transmute to the rapidity evolution scale ζ for TMDPDFs. However, for a physical process, there is no rapidity divergences and the large k − modes are naturally bounded by the physical hadron momentum. Thus, one would expect that the evolution with respect to the hadron momentum is also equivalent to the rapidity evolution extracted from the cutoff dependence. This is exactly the case for the unsubtracted quasi-TMDPDF. In fact, it can be shown that the ζ z evo-
is the nonperturbative Collins-Soper kernel and the G is a perturbative kernel. At one-loop level, one has:
Notice that the combination D + G is renormalization evolution free, which was proved in Ref. [1] . It is worth to mention that the definition of quasi-TMDPDF is not unique. Alternatively, we can define
= C ζ z µ 2 exp
This formula is similar to what was proposed in Ref. [14] , except the definition of the soft function. Although, the bent soft functions in Ref. [11, 14] give the correct cusp anomalous dimension at one-loop level, in general it differs from S I beyond one-loop correction [28] . In fact, the TMD soft function in general is controlled by cusp anomalous dimension at large hyperbolic angle rather than a circular angle.
Our formalism allows the factorization of the DY cross section in terms of the unsubtracted quasi-TMDPDF and soft function. In fact, one can show that [15] dσ DY
whereσ is the hard kernel. This factorization scheme is manifestly rapidity divergence free.
In conclusion, we present a complete LaMET formulation for calculation of nonperturbative TMDPDFs. We have provided with the definitions of lattice calculable quasi-TMDPDFs and soft functions. We demonstrate that the quasi-TMDPDF, defined as a combination of the unsubtracted quasi-TMDPDF and the soft function, relates to the lightcone distribution through factorization. We also show that the matching kernel is controlled by a renormalization group equation with known anomalous dimensions. We also argue that the DY process can be factorized into quasi TMDPDFs directly, with the P z evolution plays the role of the rapidity evolution. Through the factorization theorem in Eq. (8), the physical TMDPDFs in Eq. (1) can be calculated on lattice. The final obstacle to formulate a quasi-TMDPDF in LaMET has been overcome. This allows first-principle predictions for TMDPDFs and cross sections in high energy experiments.
